Mass Purges

Supplemental Appendix

In all that follows, since second-period actions are subsumed in V,(7) (for a subordinate) and Wo(7)

for the autocrat, we ignore the first-period time subscript in all the proofs.

A  Proofs for Section [3

Proof of Lemma [1

First, observe that due to our equilibrium refinement, there is no equilibrium in which agents exert
zero effort. If there is, a successful project is an out-of-equilibrium event. As it is treated as a
mistake, it does not affect the autocrat’s purging decision. Hence, congruent types have a profitable
deviation to exert effort. The rest of the proof proceeds by contradiction.

Anticipating the proof of Lemma , an agent’s effort as a function of his type is €'(7) = max{(1 —
ks)v(S,T) + (krp — kg)(Va(T) + L), 0}.

First, suppose there is an equilibrium in which the autocrat purges a greater proportion of successful
agents (i.e., kp > 0 and kg > kp). Then both types exert no effort, contradicting the first
paragraph. Second, suppose that there is an equilibrium in which 0 < kg < kr < 1. The autocrat
must then be indifferent between purging from the success and failure pools. Congruent agents,
however, exert more effort than non-congruent subordinates and the autocrat’s posterior after
success is strictly higher than her posterior after observing failure. Hence, the autocrat is never

indifferent, a contradiction. n

Proof of Lemma [2]

Taking k; and kg as given, the maximization problem of a type 7 € {c,nc} agent assumes the
following form:
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max R+ e[(1—kg)(v(S, 1)+ Va(r)) + ks(—L)] + (1 =€) [(1 — kp) (Va(T)) + kp(—L)] — Bl (A1)

e€[0,1]



If his project is successful (probability e), an agent survives the purge with probability 1 — kg and
receives a flow payoff v(.S,7) and as well as his second period expected payoff. If his project fails,
he survives the purge with probability 1 — kr and only receives his second period expected payoff
then. When the agent is purged, he suffers a loss L.

Taking the first-order condition, we obtain:
e'(1) = (1 — ks)v(S,7) + (kr — ks)(Va(T) + L)

Using Lemma [1] yields the claim. O

Observe that if —R < v(S,nc) < 0, there exists k%(L) = _gi’zc) € (0,1) such that for all
kr < k%, a non-congruent subordinate exerts zero effort in period 1. It can be checked that for all
kr € [0,k%(L)), the autocrat’s posterior u!" is strictly decreasing with xp (see the proof of Lemma
and L (see the proof of Lemma as only congruent types exit the failure pool. As a result,
all the comparative statics with respect to violence we establish in the main text (purge inference,
purge breadth, effort, selection) hold for all L such that the equilibrium inference x}.(L) satisfies
ki(L) € [0,k%(L)). Hence, assuming v(S, nc) > 0 is without loss of generality.

In all that follows, we slightly abuse notation and denote €'(kr, L; T) a type T € {c,nc} agent’s
effort in a partially discriminate purge and e’(kg, L; 7) his effort in a semi-indiscriminate purge as
a function of the purge incidence and violence. Similarly, average effort is denoted by €(k,, L), w €
{F,S}.

Further, slightly abusing notation and given that the autocrat correctly anticipates agents’ effort
in equilibrium, we denote u” (kp, L) the autocrat’s posterior that an agent is congruent conditional
on failure in a partially discriminate purge p”(kg, L) the same posterior conditional on success in
a semi-indiscriminate purge.

The next Lemma characterizes some properties of the autocrat’s posteriors treating purge inferences

as €xogenous.

Lemma A.1. (i) In a partially discriminate purge, the autocrat’s posterior after failure is strictly
decreasing and concave in Kp.

(ii) In a semi-indiscriminate purge, the autocrat’s posterior after success is constant in Kg.

Proof. We prove the lemma using a slightly general reasoning to illustrate that our results do not

depend on our functional form assumptions.



Point (i). By Bayes’ Rule, u’(kp, L) = )\11"+KFLL)C). The relevant comparative statics is then

(omitting superscript):

ou* (kp, L) A e (kr, L; c) , ,
= — 1—Xe' Lic)— (1 = MN)e' L;
Ok p (1 —e(kr, L))? Ok p ( e'lwr, Lic) = ( e, Line))
: €' (kr, L; ) o€ (kr, L;nc)
1—e¢' L; A—r—————+ (1= N)———=
# = er zia)) (AR 1 2]
ML= N = €sp, L) (L= el(kp, Line)) [ 2GEEme fegend
(1 —e(kp, L))? 1 —ée(kp,Lync) 1—eé(kp,L;c)
(A.2)
By examination of [Equation 5, €'(kg, L;c) > €'(k, F;nc) and <l g:FL <) > 6ei(gif;nc). This directly
Bei(K,F,L;nc) e (kp,Lic) SuF I
implies: 17ei(?:FF T — 176%:; g <0 and %ﬁ’) < 0 as claimed.

To see that the posterior is strictly concave in kg, notice that:

0% (kp, L; c)
Ok,

O*ut (kp, L)) . |:82€i(lip, L;nc)

(1—€'(kp, L;c)) —
Ok, E

D2 (1 —Gi(/{F,L;TLC))](l —¢e(kp, L))

Oe(kp, L) [0e(kp, L;nc) : de'(kp, L; c) :
2 1—¢* L: _ N — L:
+ a/‘f,F 8/€F ( € (’%Fa ) C)) a/‘iF ( € (’L{'Fa ) nc))
(A.3)
Equation 5|yields that M =0, 7 € {¢,nc}. Further, the term on the second line is negative
by [Equation A.2 and % aiF L) > 0.
Point (ii). By Bayes’ rule, the autocrat’s posterior after success is: p°(kg, L) = )\% By a

similar reasoning as above, we obtain:

Op® (ks L) A ek, Lic) . |
—= A (2 L, 1 o A 4 L-
ks e(ks, L)? Oks (Ae'(ks, Lic) + ( )e'(ks, L;nc))
4 de'(ks, L; c) e (ks, L; nc)
¢rsr Lic) ( Oks * ) Okg
A1 — N)e'(ks, L; ¢)e'(ks, L;nc) %S;L?C) %ﬁlmd "
— 5(557[/)2 ei</gst; C) ei(/is,L;nC) .
aei(nS,L;T)
Using [Equation 5|, we obtain: ei(“fgi;T) — 171557 € {c,ne). o ? BKSS L) 0 as claimed. .
Proof of Remark (1l
Direct from Lemma [A]] .



Proof of Lemma [3

Point (i). Consider the function
Kpp(kr, L) = B(r — pF (ki, L))D5™ — (co + Cip(1— T+ kp(Va + L)))). (A.5)

Observe that Kpp(kp, L) is strictly convex in kg (using Lemma . Since all agents and the
principal correctly anticipate each other actions, the equilibrium purge incidence if interior must
be a solution to Kpp(kr, L) = 0. Under the condition of the Lemma, Kpp(1, L) < 0. Given the
properties of Kpp(-, L), Kpp(rir, L) crosses 0 either once (from above) or zero] The equilibrium
purge incidence is thus unique and equals ki(L) = 0 if Cy > (r — A%@)Dg’m or the unique
solution to Kpp(kj(L), L) = 0 otherwise.

Point (ii). Under the condition of point (ii), we have three possibilities (a) Kpp(rp, L) > 0 for
all kp € [0,1], (b) there exists a unique solution to Kpp(kp, L) = 0 (with Kpp(kp, L) crossing 0
from below), (c) there exists two solutions to Kpp(kp, L) = 0. In case (a), the unique equilibrium
purge incidence is k5.(L) = 1. In cases (b) and (c), denote /= € (0, 1) an interior solution (unique
or not) and k% = 1 the corner solution. Since our equilibrium selection selects the purge with the
largest purge inference, the equilibrium must then satisfy x5.(L) = 1 as claimed.

Point (iii). Consider the function:
Kspl(ks, L) = B(r — 15 (rs, L))D5™ — (Co O (1= (1— k)T + Vo + L)))). (A.6)

Using Lemma , Ksp(ks, L) is decreasing and convex in kg. Under the condition of the point (iii)

and assumption that S5rD"¢ < Cy+C}, we further obtain Ksp(0, L) > 0 and lim1 Kgsp(ks, L) < 0.
KS—

This implies that there exists a unique interior solution to Kgp(kg, L) = 0 and thus a unique equi-

librium purge incidence k% (L). O

As the proof of Lemma [3| highlights, our equilibrium criterion plays a role only when the conditions
of point (ii) of the Lemma are satisfied. Alternative criterion selection might select different purge
inference. For example, it can be checked that the equilibrium criterion based on the autocrat’s
welfare-maximizing purge inference would select either the highest interior solution or the corner
solution (as in our baseline). All our comparative statics would remain unchanged then (at the

cost though of complicating the analysis). Selecting the lowest interior purge inference would

f Kpp(kr, L) crosses 0 from below at some £’ then it must be that Kpp(kp,L) > 0 for kg > Kz since the

function is strictly convex. This contradicts Kpp(1,L) < 0.
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change some of our comparative statics, but imposing parameter values such that purge inference
is continuous (as we do later) would reestablish them. As such, our results are robust to change in

the equilibrium criterion.

Proof of Corollary

Suppose v(S,nc) > 0. By Lemma [3| the purge is semi-indiscriminate if and only if (i) r >
_A’U(S,C)+V2(C)+L),D§,TLC_C

(S, c . . B(r Vg 0 .
S (k5(L), L) = )\% and (ii) C4, Cy satisfy C; < ( e . Notice that

as v(S, c) = v(S,nc), p(k5(L), L) — A. Therefore, whenever r > X, there exist v(S, c) — v(S, nc),
C1, and C) sufficiently small so that both conditions are satisfied. O

B Proofs for Section (4

We first study the effect of an exogenous change in violence on beliefs.

Lemma B.1. Fixzing the purge breadth,
(i) in a discriminate purge, ¥ (kp, L) is strictly decreasing in L;

(ii) in a semi-indiscriminate purge, i°(ks, L) is strictly decreasing in L.

Proof. Point (i). A similar reasoning as in Lemma [2] yields:

Ou" (kp, L) ML= N)(1 = €(sp, Lic))(1 = €i(sp, Linc) [ 2oleplnd  dolplo
OL (1 —€(kp, L))? 1 —eé(kp, L;inc) 1—eé(kp,L;c)
(B.1)
Using agents’ efforts (Equation 5), 8ei(’gi’L;c) = aei(”“gf?”c). Since €'(kp, L;nc) < €'(kp, L;c),
ouf (kp,L)
“r o <0

Point (ii). Regarding the autocrat’s posterior after success, a similar reasoning as in Lemma

yields:
ou®(ks, L) M1 = XN)e(ks, L; c)e'(ks, L; nc) % w (B.2)
oL B e(kg, L)? e'(kg, L;c)  e(kg, L;nc) .

. ) . del(kg,Lic) __ Oet(rg,Linc) . i i i X
Using agents’ efforts (Equation 5), 51 = Sr——. Since €'(kg, L;nc) < e'(ks, L;c),
ou¥ (kp,L)

e < 0. H

To facilitate the exposition, we use subscript z to denote the partial derivative of some variable z
with respect to x (i.e., 0z/0x = z,) and a similar notation for the second partial derivative. We

also ignore superscript and arguments whenever possible



Proof of Proposition

First, consider a partially discriminate purge. Observe that Kpp(kp, L) = 8(r — pf (kg, L)) D" —

(Co + Ciip(1 = (U + kp(Va + L)))) is strictly increasing in L using Lemma [B.1} Since x%.(L) is

defined as the solution to Kpp(k}(L), L) = 0 by the Implicit Function Theorem we must have that
K3(L) is continuously and strictly increasing with L (recall that 0Kpp (k3 (L), L)/0kr < 0 from
the proof of Lemma [3)).

We now show that if holds, there exists L/ < L such that x}(L) = 1 for all L > L.
To see this, observe that for L = L and xp = 1, we have e'(1,L,c) = 1 so uf'(1, L) = 0. Further,
Kpp(1, L) = BrDene — (C’o+01 (1—(6—1—72—1-3))) > 0 by [Equation 8| (since a4z (L) = 1—0—Vo—L).
By Lemma (points (ii) and (iii)), the equilibrium purge breadth satisfies % (L) = 1. Since x% (L)

is strictly increasing with L when interior, here exists Lf“! < L such that x%(L) = 1 for all L > L/*!
and k3 (L) < 1 otherwise. In turn, when does not hold, we must have % (L) < 1 which
implies k}.(L) < 1 for all L. This completes the proof of part 1. and part 2.(i).

Suppose holds in what follows. For L > L/ the purge is fully discriminate or semi-
indiscriminate. Recall that Kgp(ks, L) = B(r — u®(ks, L))D5" — <C’0 +C; (1 —(1—krg)?(v+Va+
L)))> Observe that at L = L/ Kgp(0, L7) < 0 (since p' () < p®(+) and Kpp(1, L) =0 >
Ksp(0, L"), We need to consider two cases. Case (a) Kgp(0,L) < 0 (e.g., this is always the
case when r < )). In this case, it is never profitable for the autocrat to purge from the success
pool. Impose L™ := L then. Case (b) Ksp(0,L) > 0. By Lemma point (iii), it must then
be that x5(L) > 0. By Lemma 1 (kg, L) is strictly increasing with L so by the Implicit
Function Theorem (recall that 0Ksp(k%(L), L)/0ks < 0 from the proof of Lemma |3), any interior
equilibrium incidence x%(L) is continuously and strictly increasing in L. In case (b), we thus obtain
that there exists a unique L™¢ € (L% L) such that x%(L) > 0 for all L > L™ and x%(L) = 0

otherwise. This completes the proof of the proposition. O

Recall that in what follows we impose: Cy < B(r — )\Wﬂ)wc and Co+ Cy (1 — (v + Vo +

L)) < prD" (i.e., Equation [8) so that x}(0) > 0 and L/ € [0, L).
Lemma B.2. In a semi-indiscriminate purge (k3.(L) € (0,1)), the purge incidence is convex in L.

Proof. Recall that (L) is the solution to Kpp(kr, L) = 0 with Kpp(kr, L) defined in

1-(v(S,0)+rr(Va(c)+L))

tion A.5 Simple algebra yields (using pf . <0, pr, < O0and pf ;<0 from p =

1—(+rp(Va+L))
see also the proof of Lemma below): *Kpp(kp, L)/0k% > 0, O?Kpp(kr, L)/OL* > 0, and
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P Kpp(kr, L)/0rpOL > 0. Totally differentiating at kr = (L), we obtain (ignoring arguments):

Prkp OK 0 K *K K
Rp PD 4 Rp 51) 19 PD 4 PD _ 0
0L?2 Okp oL OKk%, OkpOL 0L?
Since 0Kpp (k3 (L),L)/0kr < 0 (Lemma , a;% > 0. O

Proof of Proposition

In a partially discriminate purge (k}(L) € (0, 1)), the total derivative of average effort with respect

to violence is (using [Equation 5)):
de(ii(L), L) _ Onp(L)
dL 0L

O3 (L)
oL

(Va+ L) + k(L) (B.3)

de(ry(L),L

From the proof of Proposition , i ) >~ 0. Further given the convexity of

. d?e(rk%(L),L
Kp(L), TUEDD g,
Suppose that there exists a unique solution to Kpp(kr, L) = 0 (we provide a precise condition

O3 (L)
oL

> 0 so

for this assumption to hold below, see [Equation C.13). As L — L/“ g% (L) — 1. Since

w and there exists a unique L/ € [0, L/uIl)

is continuous and increasing in L, so is

such that for all L > L, W

de(rwp (L)L)
dL

> 1. When there are multiple solutions, using Lemma ,

L%}Jrjg” Kp(L) < 1. If L%}Jrﬁt”

claim holds (by convexity of average effort). If not, denote L/ = L

> 1, then there exists a unique L/ < L/ such that the

Jull which is uniquely defined.

In a fully discriminate purge (k% (L) = 1, k%(L) = 0), average effort is simply: (1, L) = v+ Vo + L

de(r} (L), L)

ET = 1.

In a semi-indiscriminate purge (k§(L) € (0, 1)), the total derivative of average effort with respect

to violence is (using [Equation 5)):

de(ki(L), L) 01 —w5(L),_  — )
ilL - aLS 0+ Va+ L)+ (1 - rg(L)) (B.4)

de(r5(L),L)

o > 0.

> 0so d < 1. It remains to show that

ok (L)
oL

To see this, recall that x§(L) is the solution to

From the proof of Proposition , w

R S,c)+ Va(e)+ L
CotC—C(1—ks)2(@+ V5 + L) = S+ pene B.5
0 1 1( I‘fs) (U 2 ) 5(7“ T+ Vst L ( )

We thus obtain:

01 —r5(L)) — BAA=A)  (v(S,c) = v(S nc)) + (Va(e) = Va(ne)) 3
oL 2C1(1 — K%(L)) (T4 Va+ L)3 20+ Vo + L)




Plugging this into [Equation B.4] we obtain

de(y(L) D) BML=N)  (0(S.0) = u(S,ne)) + (Va(e) = Va(ne)) e 1= K3(E)
L 26,1 — (D)) (0+Vs+ Ly 2

So after rearranging,

de(rs(L), L)
dL

S,c) —wv(S,nc)) + (Va(c) — Va(ne))
v+ Vo + L)

o< Cy(1 = k5(L)*(0+ Va+ L) — BA(1 = A) (v pene

Denote H := Cy(1 — k5(L)*(0 + Vo + L) — BA(1 — ) (”(S’C)_”(S(’;fr)%ff)(c)_vg(m))DC’"C. Using [Equa-

and our assumption that Cy + Cy > prD™, we obtain:

S,¢) +Vale) + L S, ¢) = v(S,ne)) + (Va(e) = Va(ne))

v( (v(
H=Cy+ Cy — —A — D™ — BA(1 — A - Dene
A ﬁ<r TVt L ) A=A @+ Vs +1)
>ﬁ7,Dc,nc . ﬁ <7" - )\U<S7_c) +_‘/2(C) + L) pene _ ﬁ)\(l . )\) (U(S7 C) — U(S,_nC))_+ (‘/2<C) — %(TLC))DC’HC
v+ Vot L v+ V2 + L)
:Nﬁvﬁpw (0(S,€) + Va(e) + L — (1 — N ((0(S, ¢) — v(S, nc)) + (Va(e) — Va(ne)))
=LAD" > 0
This completes the proof of the proposition. n

Proof of Proposition

In a partially discriminate purge (k5.(L) € (0,1)), the purge breadth is k*(L) = af(L)r%(L)
characterized by

Co+ Cun® (L) = B(r — " (w}(L), L)) D"

The total derivative of the posterior with respect to L is 2 F(”d;“L(L)’L) = 6”§L(L) ph (kp(L), L) +
pt (k5 (L), L), with a'{gL(L) > 0 (proof of Proposition , ph . < 0 (Lemma A1), and pf < 0

(Lemma [B.1)). So w < 0 and by the Implicit Function Theorem, dx*(L)/dL > 0.

In a fully discriminate purge (x5(L) = 1 and x%(L) = 0), s*(L) =1 —e(1,L) =1 — (v + Vo + L)

strictly decreasing with L.
In a semi-discriminate purge, the purge breadth is K*(L) = 1 x a3 (L) +r5(L) x o (L) characterized
by

Co + C1w*(L) = B(r — p®(r5(L), L))D*"

S (* *
The total derivative of the posterior with respect to L is % (“dSL(L)’L) = 8“85L(L) s (k5(L), L) +

wi(k5(L), L), with %L(L) > 0 (proof of Proposition, g, =0 (Lemma A1), and p? < 0 (Lemma

B.1). So w < 0 and by the Implicit Function Theorem, dx*(L)/dL > 0.
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Combining the analysis above with Proposition (1] yields the claim. O

To ease the exposition, we ignore the equilibrium ‘x’ superscript and arguments whenever possible

in what follows.

Proof of Proposition

Point (i). For L < L/*" the proportion of ideologues in the pool of survivors is:

(-8 = mp)p” +ep®

L) =
S( ) 1-— (1 — E)I{F
A= (1 —e)ul'sp
— B.
1-— (1 — E)KF ( 6)
Consider the function F(z) = lzf‘;F, its derivative is F'(z) = (()i:‘; ;) > 0.
We obtain
dS(L) . d(1—e(kp(L),L))kr(L) _ duf (kp(L), L) (1 —2)kp
dL = dL FAQ = #(rr (L), L)rr (L)) dL 1—(1—-2e)kp
(B.7)

From the proof of Proposition [3| we know that (1 —€(rkr(L), L))kr(L) = k(L) and dk(L)/dL > 0,

and 4 erll).L) F(”jL(L)’L) < 0. Hence —d‘Z(LL) >0

For L > Lf" the proportion of ideologues in the pool of survivors is
S(L)=u® (B.8)

Since p7 < 0 (Lemma , %(LL) < 0.
Points (ii) and (iii). For L < L7 the proportion of congruent subordinates in the second period
is:

P(L) =(1 —&)rpr+ (1 —2e)(1 — xp)u +ep”

=(1—2)kp(r —puf) + A (B.9)

As above d(1 —€)kp/dL > 0 and du!'/dL < 0 so dz—(LL) > 0.

For L € [L/!] [i"d) the proportion of congruent subordinates in the second period is:

P(L) =1 —e)r +eu’ (B.10)



Using u° )\% and € =0+ Vy + L, we obtain: P(L) = (1 — (04 Vo + L))r + A(v(S,¢) +

Va(c) + L) and

aP(L) _
L) s (B.11)

Pr(L) >0 < X > r. Further whenever r < \, L" = L so we obtain point (ii).
To prove point (iii), suppose that L™¢ < L (otherwise, the claim holds directly) and L > L™, the

proportion of ideologues in the party in the second period is:
P(L) =((1 — &) +erg)r +e(1 — rg)p®
=r — (1 — kg)(r — p°) (B.12)

Recall that k% is the solution to Cy + C1(1 —&(1 — kg)) = B(r — u®)De" so % cﬁl dé‘L Dene.

Hence, we obtain:

dZ_(LL) _ dé(ldzﬁs)(r_u " %6(1 ~ ks)
— %Cﬁl(r — pSyDeme C;L;é(l — Ks)
S & (Cie1 = ks) = Blr - *)D0")

U2 (Cy 4y 28 — D)

Recall that by assumption Cy + C; > BrD" so Cy + C) — 26(r — p°)De" > B(2u° — r)Do"e.

Since A < u®, Cy + Oy — 28(r — p®)De™ > 0 for all r € (A, 2)]. Given % < 0 (Lemma |B.1)), we
d73( )

obtain < 0 as claimed. O

C Proofs for Section 5

Denote B(L) the autocrat’s expected benefit from violence. The next Lemmas characterize the
properties of B(L) ignoring superscript and arguments whenever possible. In what follows, we
focus on the case when L™ < L (notice that this implies 7 > )). The analysis can easily be

extended to the case when L = L.

Lemma C.1. The expected benefit of violence is C*>, strictly increasing, and convex in L for

L < qull‘
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Proof. For L < L the expected benefit of violence is:

B(L) =2+ B(1 — &) (kr(rWa(e) + (1 = 1)Wa(ne)) + (1 £r) (" Wa(e) + (1 = p")Wa(ne)) )
+ B (1 Wa() + (1= %) Wa(ne) ) = C((1 = D)rr)
B(L) =2 + B(AWa(c) + (1 = NWa(ne)) + B(1L = e)p(r — YD = C(1=@)kp)  (C.1)

Since in the interval [0, L] all functions are C* so is B(L).

Making use of the Envelop Theorem as x7 is interior, we obtain:

AB(L) _de(rp(L). L) ]
daL  dL — A —e)rr

dp” (K} (L), L)
dL

pene (C.2)

* F *
Since W > 0 (Proposition [2|) and W < 0 (proof of Proposition , dB(L)/dL > 0.
To prove that the expected benefit of violence is strictly convex, we proceed in three steps. First,
we compute the second (total) derivative of the marginal benefit of violence. Second, we look at

the second (partial) derivatives of effort and autocrat’s posterior with respect to L and xp. The

last step proves the claim.

Step 1. Using [Equation C.2] we obtain:

PB(L) _de(ry(L), L) P ((L), L) d(1 — 2)kp dpF (k5(L), L)

L2 L2 — A = e)rr A2 T dL b
(C.3)
with
d*e(kp(L), L)  Okp(L) | kp(L) —

e =2——+ 5 (Va+ L) (C.4)

Pt (kp(L), L) o, Okp(L) p Oxp(L)\* p 0*k5(L) p
— 9P IR\ g e\ ,
dL2 Hrr, + 8L /’LKFL ( aL > KFKEF + 8[/2 Kp (C 5)
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Step 2. Using pf = \1=2@

A= N0~ D)1 —elne) '(( ulte) 0 Y1 g, ([0 60 )]

His = 1-2 1—e(nd))  (1—e(c

— (Z) , we obtain for j € {x, L}:

CBI

Hipr = 1—¢) (A —e(ne)  (1—ele)
A=\

FEE

M-l elne)) [ euntnd)  eunld) N () (o
- -2y " [((1—e<nc>> T2 ) )]
+ H IGHF(TLC) (EL(l —e(c)) —ep(c)(1 — E)) + eﬁF(c)(eL(nc)(l —e)—er(l1- e(nc)))]

P ML=NA Q)= elne) '((%L(nc) G )(l_é)m( Cap(n0)  enp(c) )]

P AN =)= elne) ( canlne) _ batl®) ) gy g, (el () )]

Prpr = 1—2) 1—e(nc)) (1—e(0) 1—e(nc) 1—e(c)

ML= X0~ el —e(ne)) [ erlng en(o
* 1oy " enr 0+ eur ) 2 <1—e<c>>)]

(C.7)

Using e(7) = v(7) + kp(Va(7) + L), we obtain:

BHFHF(T)::O
€LL(T) :0

1

CrpL (T)

This implies that pf;, < 0 (uf

l’l’lﬂ',FHF
ej(c) > ej(nc), j € {kr,L}).
Step 3. Plugging all partial derivatives into [Equation C.4] and |[Equation C.5[ and given that

% <~ 0 and W < 0. Given that

< 0 by Lemma [A.1) and pf, < 0 (since e(c) > e(nc) and

k5 (L) is convex in L (Lemma [B.2)), we obtain:

d(ld% >0 and L ?“F S F(Hd}L(L)’L) < 0 (see Proposition , Equation C.3|yields & dBL(QL) >0 O

Lemma C.2. The expected benefit of violence is C*°, strictly increasing, and strictly concave in L

for L € (L7 Lind],
Proof. For L € (L/" L] the expected benefit of violence is:
B(L) =¢ + B(1 — @) (rWQ(c) T (- T)Wz(nc)> n 5E(MSWQ(C) v (- ,uS)Wg(nc)> —c(1-%),

(C.8)
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with e(7) = v(7) + V(1) + L, 7 € {¢,nc}. Taking the derivative, we obtain:

dB(L)
dL

1 cne __ .. dB(L)
Since v(S,7) < 1, 7 € {¢,nc} and D" = v(S, ¢) — max{0,v(5,nc)} < 1, we obtain: == > 0.
Further, from [Equation C.9|

=14 B\ —r)D" +C'(1 —€) (C.9)

d*B(L)

]
For completeness, when L > L™™? the expected benefit of violence is:
B(L) =¢ + B(1 —©) (TWQ(C) r(1- T)Wg(nc))
+ 82 (Rs(rWale) + (1 = 1)Wa(ne)) + (1 = k) (1 Wa(e) + (1 = p5)Wa(ne)) ) = C((1 &) + rist)
B(L) =¢ + BuSD™ + B((1 — ©) + kse))(r — p5)D" — C((1 — ) + eks) (C.11)

Taking the derivative and using the Envelop Theorem, we obtain:

dB(L) _ de dlLL c,ne

From Proposition , L is the unique solution to Kpp(1,L) =0 Co+ Cy(1 — (+ Vo + L)) =
B(r — pf(1,L))D"¢. The next Lemma establishes a necessary and sufficient condition such that

B(L) is continuous in L.

Lemma C.3. The expected benefit of violence B(L) is continuous if and only if
OKpp(1, L)

aIiF

<0 (C.13)

Proof. If [Equation C.13| does not hold, it must be that at L = L/ there exists two solutions to
Kpp(kp, L) = 0: k(L) € (0,1) and x’%(L) = 1. Using the proof of Lemma , we then have

that lim rs%(L) < 1= lim x}i(L). Rearranging [Equation C.1| we obtain for L < LU
LTL full LiLf“”

B(L) =+ fWy(nc) + BAD" + (1 — €)rp(r — p")D*" = C((1 — €)rr)

Rearranging |[Equation C.8| we obtain for L > L/ (using p! )\1 e(c and pS = \49):

e

B(L) =¢ 4 B(1 — &)Wy(nc) + B(1 — €)rD" + FeWs(ne) + feu’ D" — C(1 —€)
—¢ + BWa(ne) + B(1 — )rD™ + Bhe(c)D" — C(1 —€)
=2 + SWa(ne) + B(1 — &)rDe" + BAD™ — BA(1 — e(c)) D" — C(1 — )
—2 + BWa(ne) + BADS™ + B(1 —e)(r — uf YD — C((1 —€))
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For any interior solution for the purge inference k}.(L), using the quadratic cost of purging, we
obtain B(L) = €+ SWa(nc) + BAD" + SL((1 —€)k}(L))%. Since at L = L, both xj»(L) € (0,1)
and k(L) = 1 are solution of Kpp(kp, L) = 0 and e(k(LY), L/ < e(kfh (L), LI we ob-

tain (slightly abusing notation) that B(L)| < B(L)|

kp=r'p(L) kp=r%

(1)- Consequently, L%i%“ B(L) <

lim B(L) and B(L) is not continuous.
L¢qull

In turn, suppose|[Equation C.13{holds. Then % (L") = 1 is the unique solution to Kpp(kp, L7*) =

0 and x5(L) is continuous in L for all L. As a result, after rearranging [Equation C.1| and [Equa-|

as well as using e(1, L") 5 (1, L) = Xe(1, L/ 4) and (1 — &(1, L) uF (1, L) =
AM(1—e(1, L ¢)), we obtain LPL% B(L) =e(1, L")+ pWy(ne)+B((1—e(1, L)) r+Xe(1, LT, ¢)) Dene—
C(1—e(1, L7)) = lim B(L). Comparing|Equation C.8{and |[Equation C.11|and using lim r%(L) =

Ll,Lf“” ' . L—[Lind
0, we obtain: lim B(L) =€(1, L) + SWa(nc) + B((1 —e(1, L™))r — Ae(1, Li; ¢))Deme — C(1 —
LiLin
e(1, Lin?)) = lim | B(L). B(L) is then continuous for all L. O
L¢L'Ln

In what follows, we assume that [Equation C.13holds. Observe that since the properties of B(L)
(Lemmas and [C.2)) do not depend on the continuity of B(L), the analysis below remains valid.

To find the equilibrium intensity of violence when [Equation C.13| does not hold, in addition to

the analysis below, it is necessary to consider cases when the marginal cost interacts the marginal
benefit before and after the discontinuity at L = L“!. Consequently, assuming that B(L) is

continuous simply limits the number of cases to be analyzedﬂ We nonetheless establishes existence

and (generically) uniqueness of an equilibrium when [Equation C.13|does not hold and B(L) is not

continuous in Remark [C.1] below.

Lemma C.4. The marginal benefit of violence satisfies:

po 4B(L) _ dB(L\) _ dB(Ly)

LTLf“‘” dL dL dL fOT CL” Ll c (LfUll7 LGd] and L2 c (Lind7_]

full

Proof. The proof of a discontinuity in the marginal benefit at L = L™ proceeds in three steps.

First, we show that —K(L)‘Z‘—LF >\ —puf as L L7, Second, we show that df:l—(LL) =1+p8(1—

pEYWy(i) as L | L7 Finally, we prove this part of the claim.
Step 1. Using the definition of pf', —(1 — E)mF(L)% > —kp(L)(1 —e)ud for all L € [0, L] we

2Further, when B(L) is not continuous, there exists additional conditions such that small changes in parameter
values can lead to discontinuous changes in the equilibrium intensity of violence, purge breadth, and effort. It would

reinforce the result described in Proposition @
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obtain

R o 2] (oY CAC LR B Ay

=rr(L)(Ner(c) — per)

LTqu” LTqu”
—

As er (1) = kr(L) (Equation 5)) and kg (L) 1, we obtain that xp(L)(Aer(c) — ufer)

A—puf.
Step 2. As L | L/ C'(1 —€) = B(r — u¥)D*"¢. Hence, we can rewrite [Equation C.9|as L | L/*!
as (slightly abusing notation by using equalities):

dB(L)

— . c,nc ., F c,nc
T =14+ BN —=r)D"+ B(r — pu")D

=1 _‘_ﬁ()\ _ MF)Dc,nc

Step 3. From Proposition her” ﬁ > 1. Using [Equation C.2|and step 2, as L 1 L/
LALSw

dB(L) de dp® e
i ar PUmegrtt

> 14 p(r — pf Do,

hich li dB(L > 1 dB(L)
whnichn proves lmLTqull aL lmL¢qull aL_

dB(L) _ dB(L1)

Since B(L) is strictly concave for L € (L/*", L%, this directly implies that lim .z run =57 o

for all L, € (L, Lind].

We now consider the discontinuity in the marginal benefit around L™?. By|Equation C.9| dB(Ll) > 1

for all € (L/*¢ [™d]. By |Equation C.12, dBd(f?) < 1 for all Ly > L™ since de(L)/dL < 1

(Proposition [2) and the other term is negative. O

Proof of Proposition

Existence follows from the fact that B(L) is continuous (Lemma|C.3)) and the maximization problem
is over a compact set [0, L]. We now look at different cases to characterize the maximum

Case 1. Suppose at L = LI (o4 ¢ L > 14 D"\ — u”) (point (i)). Recall that hm B(L) =

[ full

1 + D"\ — ul") (proof of Lemma |C.4). By Lemma it must then be that ¢, —|— QL > B(L)
for all L > L/ Hence, L* < L™ Since B(L) is convex over the interval [0, L7*!], we need to

consider two cases at L = L/ (a) (o + GL > B8 and (b) ¢ + (L < B n case (a), the

solution is unique and equals to either 0 or the unique solution to (o + (1L = d]fl(LL In case (b),

L = L/ is always a corner solution. If (o + (1L = dB L) has no solution or a single solution (which
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must be a local minimum) in the interval [0, L] then L* = L™ If (4 + (L = %E:L) admits
two solutions, then the smallest solution L' is a local maximum, whereas the highest solution L2
is a local minimum. The autocrat then compares B(L') and B(L/"!") and there generically exists
a unique solution unless B(L') = B(L/%"),

Case 2. Suppose at L = L/ o+ L < 1+8D%(A—p!") and that Ler(ILli)i,Z} %(LL)— (G+GL) < O
In this case, by Lemma [C.4] the equilibrium intensity of violence is unique and is the solution to

Co+ QL =1+ pBD(\— pul") if it exists or L = L™ otherwise.
Case 3. Suppose at L = L™ (, + (4L < max 2L The equilibrium intensity is L = Lind

Le(Lmd L] L
if the equation (y + (1L = d?l(LL), ith dB ) defined by [Equation C.12, has no solution. The
equilibrium intensity is the solution to (y + (1L = dEleL) if it is unique. It is either the smallest

solution to (o + (1L di(LL)

To complete the proof, recall that x5(L™) = 0, €(1, L") = v+ V, + L (Equation 5)), and £ =
(1—r3(L)) = 2B G4 Vo 4 L), Hence, lim 28— 2%W 5 Yoy 1) 4 a2 (54T 4 L)Dene

Ll,Li”d aL
so the condition of point (ii) of the proposition is is contained in Case 3 and L* > L4, O

or L = L if there are multiple solutions.

Lemma C.5. Assume L' < L. If C; <

1 :
S AN GEEI G TVE O —Va D) the marginal benefit of

violence is strictly positive for L > L4,

Proof. From the proof of Proposition [2] recall that

6)\DC ,nc
dL 2016

Using [Equation C.12{and p = 0, this implies that

dB(L) BADe"™

Syencs
D="%e(1 —
i 20¢ + B e(1 — ks)
/6>\’DC ,nc 3
=3 5 —C1(1 = XN)(v(S,c) —v(S,nc) + Va(c) — Va(ne)) (1 — kg)
1
The second line uses: p7 = —A(1—\) (”(s’c)_”(”?gf%fgéc)_%("C)) and € = (1 —kg)(W+ Vo + L). Since
w5(L) > 0 for all L > L", if O < gisomsa—msagmvam—vsmay: then dB(L)/dL > 0. O

Proof of Corollary

We provide sufficient (and some necessary) conditions for a purge to be semi-discriminate.

Denote r := p%(0,L). Using the proof of Proposition [3| and () decreasing with L (Lemma

3Notice that we do not compute the sign of deBL(QL) for L > L. Simulations suggest that the sign is ambiguous.

However, it is not critical for our argument.
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and constant in kg, if r < r, L' = L for all Cy, C; and a purge is never semi-indiscriminate.
So r > r is a necessary condition. This is condition 1.

Supposing condition 1. holds, define Co(r) = B[r — u*(0, L)|D". If Cy > Cy(r) then for all
C; > 0, the purge cannot be semi-indiscriminate as the marginal cost is always greater than
the marginal benefit. When Cy < Cp(r), define Cy(r, Cy) such that at L = L, Ksp(0,L) =
Blr — (0, L)]D" — (Co + C1(1 — €(0,L))) = 0. Similarly, if C; > Ci(r,Cp), a purge can
never be semi-indiscriminate. If dB(L)/dL > 0 for all L < L™ at C; = Cy(r,Cy), then denote
Cy(r,Cy) = Cy(ri,¢0). If not, denote Cy(r,Cy), the smallest Cy such that for all C; < C,(r, Cp),
the marginal benefit satisfies B(L) > 0 for all L > L™¢ (such C] exists by Lemma [C.5). This is
condition 2[4

Finally define (y(r) := dB(dLLM) (condition 2 ensures %(LL) > 0 over this range). And for all
— _ dB(L) , —
Co < (o(r), denote (i(r,¢p) = ‘“TCO at L = L™ This guarantees that for all {; < (o(r)

and (1 < (i(r, (o), the condition described in point (ii) of Proposition [5 holds and the purge is

semi-discriminate. This is condition 3. O

Proof of Proposition [6]

The procedure is as such. Step 1: Pick (X, 7/, v(S, ¢), v(S,ne), Ch, ¢) € [0,1]* x [0,v(S,¢)] x R3.
Step 2: Check whether there exists C¢ satisfying and (¢ € R, such that (i) there exists a
local maximum of B(L)—¢(L) in [0, L], denoted L' as in Proposition [fand (ii) B(L') = B(L/"")
(notice that C{ and ({ are unique if they exist). Step 3: If conditions (i) and (ii) hold then
(N, 7" 0(S, ), v(S, ne), Ch, ¢) € P, if not (N, ', v(S, ), v(S,nc),Ch, ) ¢ PL Repeat the steps
for all possible (A, 7, v(S, c),v(S,nc), Cy, (). P? is non-empty as we can always pick C; such that a
fully discriminate purge is possible and ¢, and ¢; such that conditions (i) and (ii) hold by convexity
of the marginal benefit (Lemma. P? is not measure 0 as we can always perturb the parameters
slightly and adjust (y and ¢;. Due to the convexity of the marginal benefit of violence and conditions

(i) and (ii), the claim holds directly]

4Notice that we assume that Cy + C; > BrDe"¢, [Equation 8, and [Equation C.13| hold for all C; < C7(-).

Otherwise, the condition can be appropriately rearranged.
°It is important to observe that for all (\,7,v(S,¢c),v(S,nc), Co, (o) € P?, the condition described in the text of

the proposition is knife-edge. However, the properties of P? indicate that this knife edge condition can arise for a

non-trivial set of parameter values.
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Remark C.1. Suppose|bquation C.15 does not hold. There exists a generically unique equilibrium

intensity of violence.

Proof. We amend the proof of Proposition [5| to take into account the discontinuity at L = L/%!
(Lemma|C.3). First, note that B(L) is always bounded so a maximum exists. Suppose there exists

L’ such that (o+ G L = dBd(LL/) and L' < L/ If there exists L” > L/ such that (o+( L = —dB;£//)7

then the equilibrium intensity of violence satisfies L* = arg 5 r{nLa}é , B(L) and is generically unique.
e /’ "

If there is no such L”, then the equilibrium intensity of violence satisfies L* = arg {mai(c 0 B(L)
Le{L!,Lfv

and is generically unique. O]

D Proofs of extensions (Section [6])

D.1 Endogenous reward

As explained in the text, the autocrat can supplement agents’ second-period benefit with Ry at
marginal cost x'(R2) = xo + x1R2 with xo = (o to simplify the analysis. In all this subsection, we
denote equilibrium value by . The previous analysis corresponds to the case when Ry is constrained
to be 0. We also amend the notation of the baseline model and use L*(0) to denote the equilibrium
intensity of violence characterized in Proposition [5]

In the setting with endogenous reward Rs, agents’ efforts become:

v(S,7) + kp(Va(T) + L + Ry) if kg =0

(1 —rg)(v(S,7)+Va(r)+ L+ Re) if kg >0

It is useful to denote T = Ry + L and T = 1 — v(S, ¢) — Va(c). We can rewrite effort as:

(i) € (kp, T;7) = v(S,7) + kp(Va(T) + T) in a discriminate purge;

(i) €'(ks, T;7) = (1 — ks)(v(S,7) + Va(7) + T) in a semi-indiscriminate purge.

On the agents’ side, the problems in the constrained (Rs = 0) and unconstrained (R endogenous)
cases are isomorphic. The only difference is that L is replaced by T" = Ry + L. Hence, all the
comparative statics above hold in this setting replacing L by 7. In particular, we recover the
following results.

(i) There exist a unique 77! = L/ and T4 = [i"? such that the purge is partially discriminate
if and only if T < T/% fully discriminate if and only if T € (77! T™d] semi-indiscriminate

otherwise.
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(ii) The expected benefit of T—denoted B(T)—is strictly increasing in T for T < T™? strictly
convex for T' < T/ and strictly concave for T € (T4 Tnd).

We further assume that [Equation 8 holds as well as a modified version (replacing L/ by T/ul)

of [Equation C.13| This last assumption implies that 7/ < T and B(T) is continuous (as before

this last assumption only simplifies the analysis). Further, an appropriately modified Lemma
(with T replacing L) holds.

The autocrat’s problem can then be conceived into steps: 1) for all T, find L(T') and fl\g(T) which
minimizes the cost of producing 7" and 2) Find the optimal 7" given step 1. Regarding step 1, the

autocrat’s cost of producing T is thus:

min ((L) + x(T') such that L+ R=T
L,ReR%

Ignoring the non-negativity constraint, the solution to the minimization problem is:

Z(T) _ XO—C0+X1T_ X1

= T
X1+ G X1+ G
= Co— Xo+ G G
Ry(T) = T =
2(T) x1+ G X1+ G

Hence, under our assumption that (4 = xp, the non-negativity constraint does not bind.
Denote now 7T (T') := C(E(T)) + X(fz\g(T)) Observe that 7 (7T) is strictly increasing and convex,
T(T) < ((T) for all T. Further 7 (T') satisfies:

T(1) =G+ (=T = C(LUT)) (D.2)

We can now prove Proposition [7}

Proof of Proposition

As a preliminary, we establish that 7' > L*(0).

Suppose first that L*(0) ¢ {L/*¢ Li"d 1 — v(S;c) — Va(c)}. Then it must be that ¢'(L*(0)) =
B'(L*(0)). Given T'(L*(0)) = ¢'(L(L*(0)) < ¢'(L*(0)), we necessarily have T'(L*(0)) < B'(L*(0)).
Given L*(0) ¢ {L/* L4 1 — v(S;c) — Va(e)}, there exists n > 0 such that 7'(L*(0) +n) <
B'(L*(0) + ) which implies T > L*(0).

If L*(0) = L'"! then there are two cases to consider: (a) lim B'(T) < ¢'(L(T'"") then T =

T\LTf“”

Tl = LJ9and (b) lir?” B'(T) > ¢'(L(T*") then T > L*(0). A similar reasoning holds for
TyT v
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L*(0) = L™, If L*(0) = 1 — v(S;¢) — Vi(e), given the lower marginal cost of producing T, we
necessarily have T = L*(0) then.

Using this result, we can now prove points (i)-(iii).

Point (1). Purge inference is weakly increasing in L (proof of Proposition [I|) in the baseline model.
Hence, it is weakly increasing in 7'. Noting that since the agents’ problem is isomorphic, Lemma
holds in this extension so the purge inference is the same in both settings whenever T'= L (i.e.,
Ru(L) = k5(L), w € {F,S}). Since T > L*(0) we have: #p(T) > £5(L*(0)) and #g(T) > x5 (L*(0))
with equality only if L*(0),7 € {Lu Lind 1 — v(S;c) — Va(c)}2.

Point (ii). By a similar reasoning as above, whenever T' = L, the purge breadth is the same in the
extension as in the baseline model (i.e., K(L) = k*(L)). The purge breadth is strictly increasing
for L € [0, L] and strictly decreasing for L € [L"!!, Li"d). Suppose L*(0),T € (0, Lf“”)Qﬁ Since
T > L*(0) by the reasoning above, x*(L*(0)) < &(T) then. Suppose L*(0),T € (LI [4)2  Since
T > L*(0) by the reasoning above, £*(L*(0)) > #(T) then.

Point (iii). Suppose T < T/ and so is L*(0). We then have: B'(T) = T'(T) = ¢/(L(T)) and
BI(L*(0)) = ¢'(L*(0)). Hence, L(T) = (¢')"'(B/(T)) and L*(0) = (¢')"}(B(L*(0))). Since B(:)
is increasing (Lemma and T > L*(0) in that range (see above), L(T) > L*(0). Suppose
T = L*(0) = L/ Then L(T) = 5T < L*(0) (the result holds for other parameter values).

TG+
Hence, the equilibrium intensity of violence can be greater or lower. O

D.2 Declining replacement pool

Recall that the purge breadth is Kk = apkp + agks. Suppose that the replacement pool is linearly
decreasing in the purge breadth: r(k) = 7 — rk. In a partially discriminate purge, the autocrat

then maximizes with respect to kp:

HF(l—él)
</ r(z)dz — pF rp(l — El))DC’”C
0
Rearranging, this is equivalent to

1—¢)kp)?
KF(]- _ él>(7 _ MF)DC’nC . Tlpc,nc(( 21) F)
The autocrat’s problem is then as in the baseline model with » =7, Cy = 0 and C; = rD*". A
similar mapping exists for a semi-indiscriminate purge. Hence, we can apply the same reasoning

as in Appendices [Al{C] and show that all our results hold in this setting.

6Observe that if L*(0) € (0, L"), we can always choose x; large enough so that Te (0, Lfuily,
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D.3 Autocrat’s survival

In this extension, we suppose that the autocrat cares about staying in power and gets a payoff of

1 if so. The probability the autocrat survives is:
P(survives) = ve; + (1 —7)((1 —¢) +e(1 —&)) x 5(1 = P(L)), (D.3)

with P(L) is the proportion of congruent types among second period subordinate (see the proof
of Proposition . Observe that € measures the complementarity between first-period performance
and the proportion of congruent surbordinates.
Our first Lemma reproduces Lemma [3| in this framework. To do so, define 73(L) = ap(L)r+
L

Av(S,¢) + Va(e) + L) (recall ap(L) = 1 =0 =5 — L) and pF(L) = MR- Using

,U/S<L) _ )\U(S,C)JrVg(c)JrL

L We obtain:
2

Lemma D.1. For each L, there exists unique equilibrium purge incidences k5.(L), k§(L).
Further, there exists € (L) > 0 such that if ¢ < €% (L), then whenever

(i) Co+Ci x ap(L) > —(1 =) ((1 —€) + ap(L)e) (r — ;/LI\’(L))B’(l - 73(L)), the purge is partially
discriminate;

(ii) Co + Cy x ap(L) < —(1 =) ((1 — €) + ap(L)e) (r — p¥(L))B'(1 — 7/5([/)), the purge is semi-
indiscriminate;

(111) The purge is fully discriminate otherwise.

Proof. From if kp € (0,1), P(L) = (1 —&)rp(r — u’) + X (ignoring arguments

whenever possible), with & = v + xp (V5 + L) since the agents’ problem is unchanged. Define
Spp(kr, L) =—1 -9 (1—-€¢ +e(l—&))(r—p")B(1—=P(L) —Co— Cirp(l —7&) (D.4)

If the purge is partially discriminate, x3.(L) is defined as a solution to Spp(kp, L) = 0 since
the autocrat takes effort and violence as given at the time of her purging decision. Notice that for
kp =1, we obtain: Spp(1,L) = —(1—7)((1—€)+dap(L)e) (r—;ﬁ(L))ﬁ’(l—ﬁ(L)) —Cy—Cyxap(L).
From [Equation B.12} if kg € (0,1), P(L) = r — &, (1 — kg)(r — p°), with & = (1 — kg)(T+ Vo + L).
Define

Ssp(ks, L) = —(1 =) ((1 =€) +e(1 —&1))(r — p®)8 (1 =P(L)) — Co — C1(1 — (1 — ks)&1) (D.5)

If the purge is partially discriminate, x5(L) is defined as a solution to Ssp(ks, L) = 0 since the

autocrat takes effort and violence as given at the time of her purging decision. Notice that for
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ks =0, we obtain: Ssp(0,L) = —(1 —)((1 =€) + ar(L)e)(r — p*(L))F' (1 - 73(L)) —Cy—C1 %
ap(L) < Spp(1, L) since p > /F We now show that 0Ssp(ks, L)/0ks < 0 for € not too large.

Using the definition of P(L) and since p° does not depend on kg, we obtain:

8SSD(I{S, L)

292 —— (1= et + Ta+ L) = i) (1= P(L))

+(1=7)((1—€) +e(l—2))(r—p®)2e8" (1 - P(L)) — 2Cie (D.6)

Notice that under the assumption that 5”(-) < 0, the terms on the second line are both negative.

Hence, when ¢ = 0, %’?’L) < 0. Since %’;&L) is continuous in €, there exists €”(L) such that
for all e <& (L), 22sntsl)l <
S

Hence, if € < € (L), the properties of Ssp(kg, L) yield Ssp(kg, L) < Spp(1, L) for all kg > 0. We
can then apply a similar reasoning as in the proof of Lemma [3[to prove the claim. Note, however,
that there may be multiple solutions to Spp(kr, L) = 0 even if point (i) holds. In this case, we

select the highest solution. O]

Our next two Lemmas establish that the purge incidence £ (L) and purge breadth £*(L) are strictly
increasing with L in a partially discriminate purge (w = F') and semi-indiscriminate purge (w = 5)

when € is not too large.

Lemma D.2. If r > )\, there exists € P(L) > 0 such that if ¢ < €’P(L), then in a partially

discriminate purge, the purge inference k(L) and breadth k*(L) are strictly increasing with L.

Proof. Since we select the highest purge inference, by a similar reasoning as in the proof of Propo-
sition [1}, Spp(k5(L), L)/0kr < 0 in a partially discriminate purge (i.e., condition (i) in Lemma
holds). We thus just need to show that Spp(k5(L), L)/OL > 0 to prove that x.(L) > 0 (by
the Implicit Function Theorem). Observe that (using subscript to denote partial derivative):

OSPD(K)}(L), L)
oL

=erp(L)F' (1 —P(L))
+ (1= —e+e(l —2)prf(1-P(L)
— (1= —ete(l =2)(r = u")rp(L)*(r = N)B"(1 = P(L))

+ C1r%(L)? (D.7)

Under the assumptions, given uf < 0 (see Lemma [B.1)), the terms on the last three lines are

strictly positive. Hence, when ¢ = 0, w > (. Since w is continuous in €, there
08pp(kf(L),L)

exists €/P(L) > 0 (possibly equals 1) such that for all e < eP(L), > (0 and the purge

oL
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inference is strictly increasing with L.
Further, recall that the purge breadth is (1 — €)kp so the purge breadth is strictly increasing

w — C1k5(L)? is strictly positive. This is guaranteed for ¢ = 0 using

Equation D.7 and the assumptions on (-). Hence, there exists €5”(L) > 0 (possibly equals 1)
such that for all € < €5P(L), the purge breadth is strictly increasing with L. Since Cyx35(L)? > 0,

with L whenever

elP < €PP (with strict inequality whenever €Y7 (L) < 1). Denote e/P(L) := e¥’P(L) so that the

claim holds. O

Lemma D.3. There exists € (L) > 0 such that if € < €7, then in a partially discriminate purge,

the purge inference k5(L) and breadth k*(L) are strictly increasing with L.

Proof. The proof proceeds along the same lines as the proof of Lemma noting that a necessary

condition for the purge to be semi-indiscriminate is > X and given
9Ssp (K
USBD) (1)1 - mywp - P)
+ (=)L —et+e(l—2))ppf (1 - P(L))
— (1= —e+el—2)(r—p*) (1 - r5(L)*(r —A)F"(1 - P(L))
+ (1= (D) (D)
with u$ < 0. 0

The following condition is the equivalent to in this setting
C() + ClééF(Z) < —(1 — 7)((1 — 6) + E@F(Z>>ﬁl(1 — A= T@F(Z)) <D9>
We can now state the equivalent to Proposition [1| and in this setting.

Proposition D.1. Ifr > X, there exists € > 0 such that if ¢ <€, then

1. If[Equation D.9 does not hold, then for all intensity of violence, the purge is partially discrimi-
nate: k5(L) € [0,1).

2. If holds, then there exist unique L/ < L and L™ € (L, L] such that:

(i) For L < L™ the purge is partially discriminate (k% (L) € [0,1));

(ii) For L € [L/" L") the purge is fully discriminate (k%(L) =1 and x%5(L) = 0);

(i4i) For L > L™ the purge is semi-indiscriminate (k%(L) > 0).

Proof. Denote € = min min {€*(L),e"?(L),e"P(L)} > 0. For all € < €, we can then apply the
Le[0,I]

same reasoning as in the proof of Proposition [1| using Lemmas |D.1KD.3] O
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Proposition D.2. If r > X and € < € (with € defined in the text of Proposition , then the
relationship between the purge breadth k*(L) and the intensity of violence L exhibits the following
properties:

(i) For L < L/ k*(L) is strictly increasing in L;

(ii) For L € [L/*" L] k*(L) is strictly decreasing in L;

(iii) For L > L™ k*(L) is strictly increasing in L.

Proof. Follows directly from Lemmas and and Proposition [D.1] O

The next proposition establishes that the fear effect holds in this setting as long as the survival

probability is not too concave.

Proposition D.3. There exists § < 0 such that if r > X, € < € (with € defined in the text of

Proposition |D. 1) and r[nin }B”(z) > 3, then:
z€[l—r,1 -

de(L)

27~ 18 always strictly positive.

1. The total deriwative of effort with respect to violence

2. Further, there exists L1¢" < LI such that the derivative satisfies:
-y de(L ear ully .

(Z) d(L) (Lf 7Lf ll)7

(i) =5 J(L =1 for all L € [L/* [ind);

(i41) =5 ‘r(L <1 for all L > L™,

Proof. We consider the three types of purges in turn. First, in a partially discriminate purge,

equilibrium first-period performance is (ignoring superscript and subscript):

(L) =7+ kp(L)(Va+ L)

As in the baseline model, we obtain: % =r5(L)+ BHF (V2 + L) > 0 since i ( ) > 0 under the

assumption that € < € (Lemma [D.2)). Given that x}.(L) is not necessarily continuous, we need to

consider two cases. Case 1: there is an intensity of violence L such that x}.(L)+ aHF (Vg + L) > 1
L)=1}. Iffor all L € (L', L™, k(L) + Ol L)(VQ + L) > 1 then denote L' = Lfe“”l Otherwise,

Lfear = [Jull - Case 2: there is no L such that k% (L) + BHF(L
Lfear = qull‘

(this is the case if k}.(L) is continuous in L). In this case, denote L' = max {L : k},(L)+

(Vo 4+ L) > 1. In this case denote

Let us now turn to a fully discriminate purge. In this case, the equilibrium first-performance is:

eL)=T4+Vo+ L

"Observe that in this environment, we do not know whether k% (L) is convex in L. The statement of the

proposition and the proof do not exclude intervals [L', L?], L' < L? < L/ such that dé; /dL > 1 forall L € [L', L?].
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J(L) -

and =1 as claimed.

Finally, in a semi-indiscriminate purge, the equilibrium first-period performance is:
e(L) = (1 —r5(L)(T+ Vo + L)

Using Ssp(k%(L), L) = 0, we obtain (ignoring all superscripts and arguments whenever possible)

dE(L) 6SSD(gz(L)7L) _ -
ap = = hs) + sitemn (Tt V2 + L)
OKkg
Given W < 0 (since we select the highest purge inference) and % > 0 (Lemma

ff (L)

, clearly d(

SD =— (1 —)ee(r — p*)B'(1 —P(L)) — 20181 (1 — ksg)
+ (1= =€) +e(l=2)(r — p°)*2e(1 - ks5)B"(1 — P(L))
Jee(r — p*)B'(1 = P(L)) + (1 = 9)((1 =€) + e(1 =€) (T + Vo + L)3'(1 = P(L))
— (=N =) +e(1 =) (r — p)e(l — ws)(r — N)B"(1 = P(L)) + Cre(1 ~ /fus))
== Cie(1 = ks) + (1 =)((1 =€) + e(1 =€)z (T + Vo + L)B'(1 = P(L))

+ (1 =)L =€) + el =) (r — p¥)e(l — rs)B"(1 = P(L)) (2(r — ) — (r = \))

has opposite sign than (using |Equation D.6| and |Equation D‘SI)

Using Ssp(r5(L), L) =0 Co+C1 —Cre(1— k(L) = —(1—7)((1—€)+e(l—e)) (r—p®) ' (1 -
P(L)), we obtain:

SD =(1=7)((1 =) +e(1 =2)F (1 = P(L) (L (@ + Vo + L) = (r = p¥)) = Co = Cy

(1= (1= &)+ (1= @) — el — i) 3"(1 = P(L))(r + A — 2455

v(S,¢)+Va(c)+L . —  I7 v(S,c)—v(S,nc)+Va(c)—Va(nc)
)‘HV—;(L) we obtain (U+ Vo + L)u? = —A(1 — )\)( )= (v+x)/2+z() ane) _ \ _ S,

Further, using the assumption Co+Cy > —(1—=7)rf'(1—r) > —(1—=7)((1 —¢)+e(1—e))rp' (1 —r),

Given p°

we have:
SD < (1=)((1 =€)+ e(1 =) (A = 1)/ (1L = P(L)) +7B/(1 = 7)
+(r = p*)E(1 = k)8 (1 = P(L) (r+ A — 202%) )

Observe that if 8”(z) = 0 for all 2z € [1 —r, 1], then (A —7)3' (1 =P(L)) +rB' (1 —7r)+ (r — pu®)e(1l —
ks)B"(1 = P(L))(r+ X —2p°%) = AF'(1—r) < 0soSD <0 and dZ(LL) > 0. We now show that

there exists a strictly positive lower bound on the second derivative such first-period performance
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is strictly increasing with violence.

Suppose 3 = r[rllinl] f"(z) < 0 and note that p'(1 — P(L)) — g'(1 —r) = 11__TP(L) p"(z)dz >
ze|l—r,
B x (1-PL)—(1—-1r)) = B x (r — ) (1 — kg)e;. Assume r + X — 2% < 0 (a similar reasoning

holds if the inequality is reversed), we hence have:
SD < (1=)((1 =€) + e(1 =) (A =)' (L= P(L)) + 781 = 1)
+(r— pS)e(1 — k)8 (1 — P(L)(r+ A — 2,ﬁ))
< (@=L =)+ =) (M1 =r) = 2(r = u*)(u* = Nea(1 = 5)B)

< (=1 =€) + (1 =) (A(0) = 207 = 1)1 — )5

So for B\ >  max {%}, SD < 0 and de; /dL > 0. Hence, there exists § < 0 such that
Le[Lmnd L) =

if min ("(z) > B, the fear effect holds for all L > Lind, ]

z€[1—r1]

Our last proposition establishes that the love effect can also be negative in this setting.

Proposition D.4. There exists § < 0 such that if r > X, € < € (with € defined in the text of

Proposition (D. 1)), and I[nin }B"(z) > 3, then:
ze[l—r,1 =

(i) The proportion of congruent types among surviving subordinates of the purge strictly increases

with L if and only if L < L, and strictly decreases otherwise.

(i) The proportion of congruent types among subordinates in the second period weakly increases
with L for all L if and only if A > r.

(11i) If v € (X, 2\, the proportion of congruent types among subordinates in the second period

strictly increases with L for L < L/ and strictly decreases otherwise.

Proof. Points (i) and (ii) follows directly from a similar reasoning as the proof of Proposition

since the purge inference is strictly increasing with L under the assumption € < €.

For point (iii), the claim holds directly for a fully discriminate purge (see |[Equation B.11)). We thus

focus on a semi-discriminate purge for which P(L) = r — (1 — kg)e(r — u°) (ignoring subscripts,

dP(L) _  d(1—kg)e
L

- G (r = p1%) + pi (1 — Kg)e (with g7 the
partial derivative of p¥ with respect to L). From and Ssp(k5(L),L) = 0, treating

(1 — kg)e as our variable of interest (and again ignoring subscripts, superscripts, and arguments

superscripts, and arguments). So as before
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whenever possible), we obtain:

(1= 7)e(l = s)(r — p)B'(1 = P(L))
+ (1= =)+ el =) (81 = P(L)) + (1 = ws)e(r — p)B"(1 = P(L)))

d(l — lis)é
T

(C1 = A=A =) +e(l =2))(r = p°)*B"(1 = P(L))) =0

Hence, we obtain that dP(L)/dL has the same sign as:

T =1 —7)e(l — ws)8' (1 = P(L))(r — p%)?
+ (1= (1 =) + el —e))ui(8'(1 = P(L) + (1 = ws)e(r — p*)B"(1 = P(L))) (r — u)
+Cupfe(l = ks) = (L=)((1 =€) + e(1 = &))(r — p°)*8"(1 = P(L))uze(l — ks)
))(r = p%)?

=1 —7)e(l = ks)B'(1 = P(L

+pz (L= —€) +e(l —2)5' (1 = P(L)(r — p°) + Cre(1 — k)

Given [Equation D.5| we can rewrite the equality as:

T =1 —7)e(l — xs)8' (1 = P(L)(r — p%)?

+p (201 = )1 =€) + (1 —21))B' (1 = P(L))(r = p”) + Co + C1)

Using p7 < 0 and Cp + C; > —(1 —9)((1 —€) + (1 —))rB'(1 — r), we obtain:

T

<(1=7)e(l = rs)8' (1 = P(L)(r — u%)?
+pp (1= )1 =) +e(1 —21) (26'(1 = P(L))(r — p¥) = rB'(1 = 1))

Observe that if 8”(z) = 0 for all z € [1—r, 1], 28'(1=P(L))(r—p®)—rB (1—r) = B/(1—7r)(r—2p%) >

0 under the assumption that » < 2X. This implies T < 0. By a similar reasoning as in the proof of

Proposition

as claimed.

D.3|

there exists B < 0 such that if r[rlun . p"(z) > 5, then T < 0 and dP(L)/dL < 0
ze T ==
]

Since the fear and love effects are still present in this setting, A similar reasoning as in Appendix

[C] yields conditions such that the purge is partially discriminate or semi-indiscriminate. There

are, however, two important differences. First, we do not have a condition such that x}(L) is

continuous so Remark applies. Second, without imposing additional conditions on [(-), we

cannot determine whether the benefit of investing in the infrastructure of violence is convex for

L < L/ 5o Proposition |§| does not necessarily apply in this setting.
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D.4 Repression

In this subsection, we suppose that the survival probability of the autocrat depends negatively on

the mass of non-congruent subordinates in the party N (L). That is, the survival probability is:
P(survives) = ve; + (1 —7)((1 —€) + e(1 —€1)) x B(N(L)), (D.10)

The mass of non-congruent subordinates after the repression is:

(i) N(L) = (1 —e)(1 —kp)(1 — pf) +2e (1 — p¥) when repression is partially discriminate;
(i) M(L) =€ (1 — p¥) when repression is fully discriminate;

(iii) M (L) = &1(1 — kg)(1 — u°) when repression is semi-indiscriminate.

Define
Rpp(kp, L) =—(1—7)((1 —€) +e(1—e1)) (1 — p")F(N(L)) — Co — Cirp(l —€1)  (D.11)

If the repression is partially discriminate, x}.(L) is defined as a solution to Rpp(kr, L) = 0 since
the autocrat takes effort and violence as given at the time of her purging decision.

Define
RSD(I{S, L) = —(1 — ’7)((1 — 6) + 6(1 - él))(l — /st)ﬁ/(./\/([/)) — C(] — Cl(l — (1 — Iis)él) <D12>

If the purge is partially discriminate, k%(L) is defined as a solution to Rgp(ks, L) = 0 since the

autocrat takes effort and violence as given at the time of her purging decision.

Comparing [Equation D.TIHD.12] and [Equation D.4D.5| it can be checked that we can apply a

similar reasoning as in the previous section to show that as long as € is sufficiently small:

(i) discriminate repression tends to be mild and semi-indiscriminate repression violent (Proposition

D.1));

(ii) the size of repression is non-monotonic in violence (Proposition |D.2));

(iii) the autocrat faces a trade-off between fear and love when choosing the intensity of violence if

B(-) is not “too concave” (Propositions and |D.4]).

E Single agent set-up

In this last section, we study a model with a single agent rather than a mass of agents. As our goal
is to illustrate the differences with our baseline model, we only perform a comparative statics on

violence and do not consider the autocrat’s problem of choosing the optimal intensity of violence.
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Our single-agent model imposes a binary level of effort 0 or 1. The reason is that with continuous
effort, the purge is semi-indiscriminate only for a set of parameter values of measure 0 (details
available upon request).

Consider a variant of our model with with three players: an autocrat (A), a single incumbent
subordinate (/), and a potential new subordinate (IV). At the end of period 1, the autocrat decides
whether to purge the current subordinate I (k € {0,1}, with £ = 1 denoting I being purged). If
agent [ is purged, then N becomes the autocrat’s subordinate. Further, if purged, agent I suffers
a loss L > 0. Each period, whomever is the autocrat’s agent works on a project. A project can be
a success w = S or a failure w = F. The probability a project is successful depends on the agent’s
costly effort, which takes value e € {0,1}. The cost of effort is ¢(e) = p X e, with ¢ > 0 and the
probability that the project is successful is Pr(w = S) = ¢ X e, with ¢ € (0,1) (and ¢ common
knowledge).

The incumbent agent [ is either congruent (7; = ¢) or non-congruent (7; = nc). I's type is his
private information. However, it is common knowledge that there is a probability A € (0,1) that
I is congruent: Pr(rt; = ¢) = A. Similarly, N is either congruent or non-congruent. His type is
his private information and the probability that N is congruent is r: Pr(ty =c¢) =r € (0,1). All
types enjoy a payoff R > 0 from being a regime insider. In addition, a type 7 € {¢, nc} gets a payoff
v(F,7) = 0 from a non-successful project and v(S,7), with v(S,c) > 0 and v(S,nc) € [0,v(S,¢))

from a successful project. I’s payoff in period 1 is
ul(e;7) = R4+ (1 — k) xv(w,7) +k(—L) —pxe (E.1)

In the second period the payoff of subordinate J € {I, N} is:

uy(e;7) = R+v(w,7) —p x e (E.2)

The autocrat cares about the success of the agent’s project. She gets a payoff of 1 when the
project is successful and 0 otherwise. In addition, the autocrat pays a cost C'; > 0 when she purges

the agent S at the end of period 1. Her utility function can thus be represented as:
UA(H) = ]I{wlzs} + ]I{W:S} — Oy X k, (E3)

To summarize, the timing of the game is:
Period 1:
1. I and N privately observe their type 7 € {c, nc};
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2. I decides whether to exert effort on his project: e € {0,1};

3. The autocrat A observes w; € {S, F'}. She decides whether to purge I;
4. First-period payoffs are realised;

Period 2:

1. The subordinate (I if not purged, N if purged) chooses effort level;

2. ws and second-period payoffs are realized, the game ends.

The equilibrium concept is Perfect Bayesian Equilibrium. Notice that the autocrat observes
only the outcome of the project in period 1 (not I's effort) before deciding whether to purge I. We
impose D1 equilibrium refinement to facilitate comparison with the baseline model.

Throughout, we use the same notation as in the baseline model. V,(7) denotes an agent’s
expected payoff in period 2 as a function of his type. The (ex-ante) average payoffs are denoted by
7= M(S,c) + (1 = Nv(S,nc) and Vo = AVs(c) + (1 — A\)Va(ne).

The agent’s strategy is a mapping from his type 7 to an effort level e € {0,1} denoted with
slight abuse of notation e(7) € {0,1}. A mixed strategy is denoted o : 7 — A({0,1}). For the
autocrat, her purging strategy is a mapping from outcome w to a purge decision k € {0,1}. In
particular, we denote the probability I is purged after outcome w € {F, S} k, (the equivalent of
the purge inference in the baseline model). Finally, denote pu“(«(c), a(nc)) the autocrat’s posterior
that I is congruent after observing w € {F, S}) when she anticipates (correctly in equilibrium) that
I plays the tuple of strategies (a(c), a(nc)). Denote ap = A(1 — a(c)q) + (1 — N)(1 — a(nc)q) the
probability I fails and ag = 1 — ap, the probability it succeeds.

To make the problem interesting, we impose two assumptions on parameter values. First, we
suppose that only congruent agents exert effort in period 2 (qu(S,nc) —p < 0 < qu(S,c) — p).
This implies that Va(c) = R + qu(S,c) — p and Va(ne) = R. Further, the autocrat’s gain from
replacing a non-congruent type with a congruent type is D™ := ¢. Using this result, we assume
that the autocrat has some incentive to purge when her agent plays a separating strategy C; <
(r — pf(1,0))D"c. Observe that absent the first condition, a purge does not occur in this set-up.

First, observe that Lemma(I] holds in this setting due to the D1 equilibrium refinement. Second,
a no effort equilibrium does not exist because of the D1 refinement. Third, there is no equilibrium
in which a congruent type randomizes between effort and no effort. If so, kg = 0 (since success
perfectly reveals congruence) and a congruent type’s expected payoff from effort is quv(S,¢c) — p +

qgrr(Va(e) + L) + (1 — kp)Va(c) + kp(—L). If he does not exert effort, his expected payoff is
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(1 — kp)Va(c) + kp(—L). Under our assumption that qu(S,c) — p > 0, a congruent type is never
indifferent.

We thus look for three types of equilibria:
(i) Partially discriminate purge in which a non-congruent type randomizes between effort and no
effort;
(ii) Fully discriminate purge in which a non-congruent type plays a possibly degenerate mixed
strategy;

(iii) Semi-indiscriminate purge in which a non-congruent S randomizes between effort and no effort.

Type (i) equilibrium.

The equilibrium features:

—qu(S,nc .
(a) kp = W and kg = 0;

(b) a(c) = 1 and a(nc) is the solution to (r — uf (1, a(nc)))De™ = C, with uf (1, a(nc)) =

A(1-q)
A(l=g)+(1-N)(1—ga(nc))

This equilibrium exists if and only if (r — \)D“"¢ < Cy and gL > p — q(v(S, ¢) + Va(c)).

In this equilibrium, the ex-ante probability a subordinate is congruent in the second period is
P(L) = ap(kp x 1+ (1 — kp) x pF(1,a(ne))) + asp® (1, a(nc)). Since kp strictly decrease with L
and other quantities do not depend on L, P'(L) < 0.

Type (ii) equilibrium.

The equilibrium a.e features:

(a) kp =1 and kg = 0;

(b) a(c) =1 and a(nc) = 0;

This equilibrium exists if and only if ¢L < p — q(v(S, ¢) + Va(c)).

To see this, suppose that a(nc) = 1, then pf'(1,1) = p(1,1) = X and the autocrat either al-
ways purges or never purges except if (r — \)D" = (' (a knife-edge condition). A contradiction
with the assumed equilibrium type. Suppose a(nc) € (0,1), then given kp = 1, it must be that
q(Va(ne) + L) + qu(S,nc) — p = 0 again a knife-edge condition. Hence, almost always, the equilib-
rium is as described above.

In this equilibrium, the ex-ante probability a subordinate is congruent in the second period is

P(L) = apr + ag, with P'(L) = 0.
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Type (iii) equilibrium.

The equilibrium features:

(a) Iinlandﬁgzl—m;
(b) alc) = 1 and a(nc) is the solution to (r — p’(1,a(nc))De™ = C; with (1, a(nc)) =
Aq

Ag+(1-N)ga(ne)
The equilibrium exists if and only if: (r — \)D" > C; and ¢L > p — q(v(S, ¢) + Va(c)).

In this equilibrium, the ex-ante probability a subordinate is congruent in the second period is
P(L) = apr+as(ksr + (1 —kg)p® (1, a(nc)). Since kg strictly increase with L and other quantities

do not depend on L, P'(L) > 0.

Using the results above, we can observe major differences with our baseline model.

1. A purge is fully discriminate (type (ii) equilibrium) only if violence is low rather than interme-
diary like in the baseline model.

2. The nature of the purge does not depend on the intensity of violence unlike in the baseline model
since for gL > p — q(v(S, ¢) + Va(c)), it is fully determined by the quality of the replacement pool.
3. Fixing the nature of the purge, the fear effect is null as effort does not depend on violence.

4. The love effect is negative in a partially discriminate purge (positive in the baseline model) and
positive in a semi-indiscriminate purge (negative under the sufficient assumption r < 2\ in the
baseline model).

These four major differences imply that the many-to-one accountability problem we study in the
main text is fundamentally different than a one-to-one accountability problem. The latter cannot

be used to approximate the former.
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